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Abstract
For a two-particle two-state system, sets of compatible propositions
exist for which quantum mechanics and noncontextual hidden-variable
theories make conflicting predictions for every individual system what-
ever its quantum state. This permits a simple all-or-nothing state-
independent experimental verification of the Bell-Kochen-Specker the-
orem.
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There are two main theorems on the impossibility of hidden variables
in quantum mechanics (QM). The most general is the Bell-Kochen-Specker
(BKS) theorem [1, 2] which excludes noncontextual hidden-variable (NCHV)
theories (i. e., those in which the values of the physical observables are the
same whatever the experimental context in which they appear). The other
is Bell’s theorem [3] which discards local hidden variables of the kind consid-
ered by Einstein, Podolsky, and Rosen [4]. Both theorems are mathematical
statements which, as such, do not require any real experiment to be proved
or disproved. Only if we want to investigate how nature behaves do we re-
quire actual experiments. There is a wide range of experiments which show
that nature violates Bell’s inequalities [5]. However, no empirical disproof of
NCHV theories has yet been exhibited [6]. This situation can be explained
by comparing the proofs of both theorems. Bell’s inequalities [3] involve sta-
tistical magnitudes which can be calculated from measurements carried out
in different subensembles of pairs. In contrast, the proofs of the BKS the-
orem [1, 2, 7] refer to a single individual system but involve noncompatible
observables that cannot be measured in the same individual system. On the
other hand, while Bell’s inequalities are verified by any local hidden-variable
theory independently of any QM assumptions, the proofs of the BKS theorem
refer to NCHV theories that share some properties with QM. In this sense,
the proofs of the BKS theorem are not entirely independent of the formal
structure of QM. For these reasons, one could think that “the whole notion
of an experimental test of [B]KS misses the point” [8].
In this paper we will show a situation, the first to our knowledge, in
which NCHV theories, without any call to the formal structure of QM, make
conflicting predictions with those of QM for every individual system and
whatever its quantum state. These predictions can be tested by a joint
measurement of one set of compatible propositions.
We propose the following situation. Consider an individual system of two
spin-1
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particles (or any other two-particle two-state system) initially pre-
pared in an unspecified state. Suppose that a NCHV theory can describe
that system. Noncontextuality here will mean that this hidden-variable the-
ory satisfies the following two assumptions:
(i) Any one-particle observable (for a two-state system) can be assumed
to have a definite value. This is a reasonable assumption for any NCHV
theory since Gleason’s theorem [9] is not valid for systems described by a
Hilbert space of dimension two, and since the possibility of NCHV for these
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systems was explicitly proved by Bell [1] and by Kochen and Specker [2]. In
particular, we will assume that the observables A := σ(1)z , B := σ
(2)
z , a := σ
(1)
x ,
and b := σ(2)x (the spin components in units of h¯/2 in the z and x directions for
particles one and two) have predefined noncontextual values either +1 or −1.
We will denote these values as v(A), v(B), v(a), and v(b). Then, considering
the values of these four observables, 24 different “states” could exist (for
instance, one possible “state” is v(A) = −v(B) = −v(a) = v(b) = +1).
(ii) The value of a two-particle observable which is a product of one-
particle observables such as AB (or Ab, etc) is
v(AB) := v(A) v(B) . (1)
Note that A and B are not only compatible observables but refer to two
different particles [10]. Definition (1) is a consequence of noncontextuality
since one particular way of measuring the observable AB is by measuring
separately A and B and multiplying their results; but, in a NCHV theory,
v(AB) must be the same whatever the experimental context in which it
appears.
Now we will show some predictions derived from these two assumptions.
For that purpose consider the following four propositions:
P1 := “AB = 1 and ab = 1” , (2)
P2 := “AB = −1 and ab = −1” , (3)
P3 := “Ab = 1 and aB = 1” , (4)
P4 := “Ab = −1 and aB = −1” . (5)
Proposition P1 has the value 1 (true) if the two-particle observables AB and
ab have values +1, and the value 0 (false) otherwise, etc. In a NCHV theory,
the {Pi} have predefined values related, using assumption (ii), to those of A,
B, a, and b. For instance, v(P1) = 1 if v(A) = v(B) and v(a) = v(b), and
zero otherwise.
As can be easily seen from the study of all the possible states of this
NCHV theory, some predictions can be made:
NCHV1.—The propositions P1, P2, P3, P4 are not mutually exclusive:
Two of them can be simultaneously true [for instance, v(P1) = v(P3) = 1 in
the state v(A) = v(B) = v(a) = v(b) = +1].
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NCHV2.—P1, P2, P3, P4 are not exhaustive: All of them can be simulta-
neously false [for instance, v(P1) = v(P2) = v(P3) = v(P4) = 0 in the state
v(A) = v(B) = v(a) = −v(b) = +1].
Indeed, checking all the possible states, NCHV1 and NCHV2 can be
summarized as follows:
NCHV3.—In a NCHV theory, the values of P1, P2, P3, and P4 in a joint
measurement would be either 4 zeros—all the propositions are false—, or 2
ones and 2 zeros—2 propositions are true and 2 are false—.
Note that the predictions NCHV1, NCHV2, and NCHV3 are entirely
independent of the formal structure of QM.
What are the corresponding quantum predictions? First, let us see the
quantum representatives of propositions P1, P2, P3, and P4. If Aˆ, Bˆ, aˆ, and
bˆ denote the self-adjoint operators representing the observables A, B, a, and
b, the proposition Pi is represented by the projector Pˆi := |ψi〉 〈ψi|, where
{|ψi〉} are the states defined by the following eigenvalue equations [11]:
Aˆ⊗ Bˆ |ψ1〉 = |ψ1〉 , aˆ⊗ bˆ |ψ1〉 = |ψ1〉 , (6)
Aˆ⊗ Bˆ |ψ2〉 = − |ψ2〉 , aˆ⊗ bˆ |ψ2〉 = − |ψ2〉 , (7)
Aˆ⊗ bˆ |ψ3〉 = |ψ3〉 , aˆ⊗ Bˆ |ψ3〉 = |ψ3〉 , (8)
Aˆ⊗ bˆ |ψ4〉 = − |ψ4〉 , aˆ⊗ Bˆ |ψ4〉 = − |ψ4〉 . (9)
As can be easily seen, the projectors Pˆ1, Pˆ2, Pˆ3, and Pˆ4 are mutually
orthogonal,
Pˆi Pˆj = 0 if i 6= j . (10)
Therefore, according to QM:
QM1.—The propositions P1, P2, P3, and P4 are mutually exclusive: Two
of them cannot be simultaneously true.
Moreover, it can be checked that the projectors Pˆ1, Pˆ2, Pˆ3, and Pˆ4 form
a resolution of the identity, i.e.,
Pˆ1 + Pˆ2 + Pˆ3 + Pˆ4 = 1ˆ . (11)
Therefore, according to QM:
QM2.—P1, P2, P3, and P4 are exhaustive: Not all of them can be simul-
taneously false.
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Indeed, from the mathematical properties (10) and (11) follows a third
physical prediction which includes QM1 and QM2:
QM3.—According to QM, in any joint measurement of P1, P2, P3, and P4
in the same individual system, one and only one of the propositions will be
true and the other three will be false, whatever the preparation of the state.
Clearly, NCHVi and QMi are conflicting physical predictions. The situa-
tion at this point is similar to that which appears between Bell’s inequalities
and QM: We have two theories with contradictory predictions. Now we have
to propose an experiment to check how nature behaves.
How could a joint measurement of P1, P2, P3, and P4 be possible? Until
now we have assumed that the propositions P1, P2, P3, and P4 are compatible.
This remains to be justified. Of course, we have seen that the projectors
Pˆ1, Pˆ2, Pˆ3, and Pˆ4 commute, and it is a generally accepted assumption of
QM that commuting operators correspond to compatible observables. The
reason for this assumption is that, if there is a set of pairwise commuting self-
adjoint operators, then there exists a nontrivial maximal—nondegenerate—
operator Hˆ commuting with all Pˆi, such that Pˆi = fi(Hˆ) [12]. However,
this justification hinges on the existence of a physical observable H which
corresponds to the operator Hˆ. In our case, such operator can be
Hˆ =
4∑
i=1
ci Pˆi , (12)
where the {ci} are arbitrary distinct real numbers. Then, it is easily checked
that
Pˆi =
∏
j 6=i
Hˆ − cj 1ˆ
ci − cj
. (13)
Optical observables corresponding to operators of the form (12) for two-
particle systems have been proposed and actual experimental results are ex-
pected to be presented soon [13]. On the other hand, the proposals [14] for
experiments designed to measure the Bell operator [15] used for quantum
teleportation [16] can be modified to measure operators of the form (12) [17].
In summary, we have showed that there are situations in nature in which
NCHV theories, without any call to the formal structure of QM, make con-
flicting predictions with those of QM for every individual system whatever
its quantum state. An experimental test of these predictions requires the
measurement of a particular set of compatible propositions. Optical versions
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of experiments related with these propositions have been proposed for other
purposes, and actual experimental results based on these proposals are ex-
pected to be presented soon.
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